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ABSTRACT 

 

This study focuses on parameter estimation and outlier detection within the 

circular simultaneous functional relationship model (CSFRM), considering both equal 

and unequal variances. The model for unequal variance is a newly proposed extension 

from the previous model of equal variances. Two approaches, the minimum sum (ms) 

and polyroot functions, are employed to approximate parameter estimates due to 

the complexity of the log-likelihood function. Simulation studies demonstrate reduced 

bias in the parameter estimates, indicating their effectiveness. Confidence intervals for 

model parameters are constructed using covariance matrices. Simulation results 

demonstrate the superiority of the Bootstrap Confidence Interval (BCI) method in 

constructing confidence intervals for estimated parameters. Additionally, a novel 

modification method is proposed for identifying single outliers in CSFRM for cases of 

unequal variances, utilizing the Simultaneous Functional Difference Mean Circular 

Error cosine (SFDMCEc). Simulation results show SFDMCEc's robustness in outlier 

detection as contamination levels increase. Overall, this study presents effective 

techniques for parameter estimation, confidence interval and outlier detection in 

CSFRM, with promising performance in simulation studies for practical applications 

involving circular simultaneous functional relationships. 
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ABSTRAK 

 

Kajian ini memberi tumpuan kepada penganggaran parameter dan pengesanan 

nilai pencilan dalam Model Hubungan Fungsian Bulat Serentak (CSFRM), dengan 

mempertimbangkan kedua-dua varian sama dan tidak sama. Model dengan varian 

tidak sama merupakan sambungan model baru yang dicadangkan dari sebelumnya 

dengan varian sama. Dua pendekatan, iaitu fungsi minimum (ms) dan polyroot, 

digunakan untuk menganggarkan parameter disebabkan kekompleksan fungsi log-

kebarangkalian. Kajian simulasi menunjukkan pengurangan bias dalam penganggaran 

parameter, menunjukkan keberkesanan mereka. Selang keyakinan untuk parameter 

model dibina menggunakan matriks kovarians. Keputusan simulasi menunjukkan 

keunggulan kaedah Bootstrap Confidence Interval (BCI) dalam membina selang 

keyakinan untuk parameter yang dianggarkan. Tambahan pula, satu kaedah modifikasi 

baru dicadangkan untuk mengenal pasti nilai pencilan tunggal dalam CSFRM untuk 

varian tidak sama, dengan Perbezaan Ralat Bulatan Purata Model Fungsian Serentak 

kosinus (SFDMCEc). Keputusan simulasi menunjukkan ketahanan SFDMCEc dalam 

pengesanan nilai pencilan apabila tahap pengubahsuaian meningkat. Secara 

keseluruhan, kajian ini menyediakan teknik yang berkesan untuk penganggaran 

parameter, selang keyakinan, dan pengesanan nilai pencilan dalam CSFRM, dengan 

prestasi yang menjanjikan dalam kajian simulasi untuk aplikasi praktikal yang 

melibatkan hubungan fungsian bulat serentak. 
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CHAPTER 1  

 

 

INTRODUCTION 

 

 

1.1 Research Background  

 

Statistical data exhibits unique distributional topology. Linear datasets can be 

represented on a straight line, while circular data can be visualized using the 

circumference of a unit circle. It is important to note that statistical theories for linear 

and circular data differ from each other. Observations of circular data are typically 

measured in degrees (0 ,360   or radians ( 0,2 , with a single circular observation 

represented by a point on a circle with a unit radius. 

 

The distinction between linear and circular data can be effectively illustrated 

by visualizing the same data set on a linear and a circular plot, as shown in Figures 1.1 

and 1.2, respectively. 

0 ,60 ,120 ,180 ,240 ,300 ,360 ,720  
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                   Figure 1.1 Linear plot    
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Figure 1.2 Circular plot 
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Figure 1.1 implies that if the data are treated as linear, the observations are 

evenly spaced from one another, suggesting a linear trend. However, as shown in 

Figure 1.2, only six points are in the circular plot when the data are viewed as a sample 

of circular data with observations ranging from 0° to 360°. Note that the value of 

circular data falls between (0 ,360   or between ( 0,2  radians. Consequently, 0°, 

360°, and 720° are all positioned at the same location as the observation value of 0°. 

Furthermore, the observation of 720° can be detected as an outlier if the data are 

represented as linear. However, if the data are treated as circular, the observation of 

720° is consistent with the rest of the observations and is not considered an outlier. 

 

In recent years, the analysis of circular variables or directional data has 

garnered significant interest due to its many practical applications across various 

scientific disciplines. These disciplines include physics, medicine, geology, 

meteorology, and astronomy. Earlier, in 1918, von Mises utilized directional data in 

physics to analyze the fractional part of atomic weights. Circular data has also been 

applied in a medical setting to aid in the recovery of orthopedic patients, accessed by 

measuring the angle of knee flexion (Jammalamadaka et al., 1986). Additionally, 

geologists consider directional data in modeling cross-bedding patterns (Jones & 

James, 1969) and earthquake displacement directions (Rivest, 1997). Meteorologists 

have used circular data to study wind directions (Johnson & Wehrly, 1978; Hussin et 

al., 2004; Gatto & Jammalamadaka, 2007). More recently, Ahmad et al. (2020) applied 

directional data in astronomy to investigate a new criterion for the visibility of the 

crescent moon. 
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The theories and the statistical approaches of circular data have evolved over 

time. However, they can be enhanced and refined in many statistical areas. Adcock 

first introduced the error in variables (EIV) problem in 1878, and this topic has drawn 

a lot of attention from other researchers (see Preece and Baines (1978); Chan and Mak 

(1979); Brown (1982); Fuller (1987); Cheng (2006); Patriota (2011); Mohammadi et 

al. (2012)). Some examples include Satari et al. (2014), who proposed the circular 

functional relationship model for circular variables (CFRM) and study the error in 

variables model (EIVM) which involves the study of the relationship between two 

circular variables. The CFRM model is an extension model of Down and Mardia 

(2002), DM circular regression model. Anuar (2018) then proposed the extension 

model to circular simultaneous functional relationship model (CSFRM) for equal 

variances. To the best of the author’s knowledge, the study of confidence intervals for 

parameter estimates in CSFRM model for equal variances have not been published in 

any referred literature. Therefore, in this study attempted to propose the construction 

of confidence intervals of CSFRM for equal variances. 

 

Next, this study proposes extending of the CSFRM for equal variances to 

CSFRM for unequal variances. This model focuses more on investigating directional 

data in the error-in-variables model (EIVM). Therefore, the focus in this study is on 

proposing a simultaneous model that can utilize the directional data. This model has a 

high tendency to be useful for studying the relationship of the directional data in the 

future for more than two circular variables. The study also considers the derivation of 

the variance-covariance matrix to construct the confidence intervals for the parameter 

estimates based on two different methods, and the methods are compared to each other. 


